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Abstract
Probabilistic analytical target cascading (PATC) has been developed to incorporate uncertainty of random variables in a hierar-
chical multilevel system using the framework of ATC. In the decomposed ATC structure, consistency between linked subsystems
has to be guaranteed through individual subsystem optimizations employing special coordination strategies such as augmented
Lagrangian coordination (ALC). However, the consistency in PATC has to be attained exploiting uncertainty quantification and
propagation of interrelated linking variables that are the major concern of PATC and uncertainty-based multidisciplinary design
optimization (UMDO). In previous studies, the consistency of linking variables is assured by matching statistical moments under
the normality assumption. However, it can induce significant error when the linking variable to be quantified is highly nonlinear
and non-normal. In addition, reliability estimated from statistical moments may be inaccurate in each optimization of the
subsystem. To tackle the challenges, we propose the sampling-based PATC using multivariate kernel density estimation
(KDE). The framework of reliability-based design optimization (RBDO) using sampling methods is adopted in individual
optimizations of subsystems in the presence of uncertainty. The uncertainty quantification of linking variables equivalent to
intermediate random responses can be achieved by multivariate KDE to account for correlation between linking variables. The
constructed KDE based on finite samples of the linking variables can provide accurate statistical representations to linked
subsystems and thus be utilized as probability density function (PDF) of linking variables in individual sampling-based
RBDOs. Stochastic sensitivity analysis with respect to multivariate KDE is further developed to provide an accurate sensitivity
of reliability during the RBDO. The proposed sampling-based PATC using KDE facilitates efficient and accurate procedures to
obtain a system optimum in PATC, and the mathematical examples and roof assembly optimization using finite element analysis
(FEA) are used to demonstrate the effectiveness of the proposed approach.

Keywords Multidisciplinary design optimization (MDO) . Reliability-based design optimization (RBDO) . Probabilistic
analytical target cascading (PATC) . Uncertainty propagation . Kernel density estimation (KDE)

1 Introduction

Generally, a large-scale complex system such as a vehicle and
an airplane consists of multiple and hierarchical subsystems

which are intricately linked with each other through variables
and responses making it challenging to optimize the whole
system at once due to its complexity and dimensionality.
Therefore, decomposition-based optimization methods with
special coordination between linked subsystems have been
developed to optimize the large-scale complex system (Shan
&Wang 2010; Alexandrov and Lewis 2002; Kokkolaras et al.
2004; Allison et al. 2009; Martins and Lambe 2013; Bayrak
et al. 2016; Cho et al. 2016b; Papalambros and Wilde 2017).

Analytical target cascading (ATC) is one of the
decomposition-based methods where a system is partitioned
into several hierarchical subsystems with targets and re-
sponses (Kim et al. 2003, 2006; Michelena et al. 2003;
Tosserams et al. 2006; Tosserams et al. 2008; Han and
Papalambros 2010; Kang et al. 2014a, b; Jung et al. 2018).
In the early stage, ATC was originally specialized in
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hierarchical decomposition with multilevel subsystems, but
nonhierarchical decomposition was proposed as well
(Tosserams et al. 2010). However, these researches were
established on deterministic conditions and thus may not find
solutions for actual engineering applications influenced by
various uncertainties. Therefore, it is necessary to take into
account uncertainties propagated from subsystems, and
uncertainty-based multidisciplinary design optimization
(UMDO) was extensively reviewed in the literature (Yao
et al. 2011). Probabilistic analytical target cascading (PATC)
has been developed to treat the uncertainties in the framework
of ATC (Kokkolaras et al. 2006; Liu et al. 2006; Xiong et al.
2010). Especially, PATC using moment-matching allows
treating the consistency of interrelated probabilistic character-
istics (i.e., linking variable) and the probabilistic constraints
using statistical moments. This approach is intuitive and
straightforward but can cause a significant error when the
propagated distribution is highly non-normal resulting in an
unreliable system optimum. Even if any parametric distribu-
tion is selected instead of the normal distribution, it has to be
predetermined that is a major weakness of moment-matching
since inappropriate distribution could be selected and the
random response of linking variables may not follow any
parametric distribution. On the other hand, Ouyang et al.
(2014) proposed sequential PATC (SPATC) which combines
sequential optimization and reliability assessment (SORA)
and PATC to improve its efficiency by decoupling the triple
nested loop in PATC and extended it to deal with mixed un-
certainty including interval variables (Ouyang et al. 2018).
However, reliability obtained from SORA is still inaccurate
due to its approximation on MPP, and MPP-based uncertainty
analysis (MPPUA) (Du and Chen 2001), one of uncertainty
propagation methods, is often inefficient for accurate statisti-
cal information. Several researches suggested improved PATC
methods in various ways but without intrinsic modification in
uncertainty propagation of linking variables.

Therefore, the proposed research focuses on resolving ac-
curacy issues existing in conventional PATC methods, espe-
cially PATC with moment-matching. For this purpose, a con-
crete framework called sampling-based PATC using multivar-
iate kernel density estimation (KDE) specialized for uncertain-
ty propagation of linking variables is proposed. This allows
each subsystem to be optimized more accurately under the
scheme of the sampling-based RBDO and makes random
linking variables consistent between subsystems.
Multivariate KDE for transferring uncertainty of correlated
linking variables more accurately to corresponding subsys-
tems and its stochastic sensitivity analysis to perform the
sampling-based RBDO are developed in this study.
Propagation and coordination for three types of design vari-
ables, which are local variables, coupling variables, and
shared variables, are strictly categorized depending on how
it is manipulated as consistency constraints. Consequently,

the sampling-based RBDO and augmented Lagrangian coor-
dination and alternating direction method of multipliers (AL-
AD) are successfully combined by exploiting multivariate
KDE to connect both methodologies. In other words, individ-
ual optimizations of ATC are performed using the sampling-
based RBDO to obtain an accurate optimum, and KDE of
linking variables connects individual optimizations to satisfy
consistency constraints instead of moment-matching.

The article is organized as follows. Brief reviews
including existing PATC and sampling-based RBDO
are presented in Sect. 2. In Sect. 3, the proposed meth-
od is presented with key ideas of the new framework.
Then, the feasibility and effectiveness of the proposed
framework are verified through numerical and engineer-
ing examples in Sects. 4 and 5. Conclusion and future
research are given in Sect. 6.

2 Overview of existing methodologies

2.1 Nonhierarchical ATC

The proposed research is originated from the nonhierarchical
ATC without a multilevel concept to treat more common
structure in the real world (Tosserams et al. 2010). Parent-
children subsystems defined under strict conditions with re-
spect to linking variables are unnecessary in the nonhierarchi-
cal ATC. Readers can refer to the literature (Kim et al. 2003;
Tosserams et al. 2006) for detailed descriptions of hierarchical
ATC. Any linked subsystem in the nonhierarchical ATC can
communicate with other subsystems directly without any re-
striction. General structure describing the relationship be-
tween neighbors (i.e., linked subsystems) is illustrated in
Fig. 1. Optimization of a subsystem j in the nonhierarchical
ATC can be formulated as (Tosserams et al. 2010):

min
x j

f j x j

� �
þ ∑

n∈R j

π tnj−rjn
� �þ ∑

m∈T j

π tjm−rmj
� �

subject to g j x j

� �
≤0; h j x j

� �
¼ 0

where π cð Þ ¼ vTcþ w∘ck k22
x j ¼ x j; rjn nj ∈Rj; tjm mj ∈T j

� �
rjn ¼ Sjna j x j; tjm m∈T j

��� �
for n∈Rj

ð1Þ

In (1), x j represents the design variables for subsystem j, xj
represents the local design variables, and rjn represents the
responses of subsystem j corresponding to the target tnj from
subsystem n. Similarly, tjm represents the target corresponding
to the response rmjwhich is transferred from the subsystemm.
The functions fj, gj, and hj represent the local objective, in-
equality, and equality constraint functions, respectively. The
function aj is response function and Sjn is a binary selection
matrix that selects components from aj. The ∘ symbol means a
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term-by-term multiplication of vectors. The augmented
Lagrangian coordination (ALC) is applied in (1) where v is
the Lagrange multiplier vector and w is a penalty weight vec-
tor. It should be noted that all design variables in (1) are
deterministic.

2.2 PATC using moment-matching

PATC using moment-matching combined with AL-AD
can be formulated as (Liu et al. 2006; Tosserams
et al. 2006):

given μnj;σ
2
nj;μmj;σ

2
mj

min
μx j

f j μx j

� �þ ∑
n∈R j

π μnj−μjn

� �þ π σ2
nj−σ

2
jn

� �� �
þ ∑

m∈T j

π μjm−μmj

� �þ π σ2
jm−σ

2
mj

� �� �
subject to μg j

þ kσg j
≤0

where π cð Þ ¼ vTcþ w∘ck k22
X j ¼ X j;Rjn nj ∈Rj;Tjm mj ∈T j

� �
Rjn ¼ Sjna j X j;Tjm m∈T j

��� �
for n∈Rj;

Tjm∼N μjm;σ
2
jm

� �

ð2Þ

In (2), X j is the random vector in subsystem j. Among
the random design variables, Xj is the vector of local
variables in subsystem j following known parametric
distributions. Also, Tjm is assumed to follow a normal
distribution with the first two moments which are de-
noted as μjm and σ2

jm, respectively. In contrast, Rjn is
the probabilistic response to be computed in subsystem
j, and μjn and σ2

jn are statistical moments used in the
consistency constraints. μg j

and σg j
are mean and stan-

dard deviation of the limit-state functions in subsystem
j, so that probabilistic constraints are estimated by the
moment-matching method where k is a constant corre-
sponding to the given target reliability level.

The moment-matching method has two accuracy is-
sues. Firstly, the distributions of all matching quantities
and constraints need to be close to the normal distribu-
tion in order for the method to be accurate. Even if the
moment-mating method can be adapted to any

parametric distribution, the random responses in the re-
al world may not follow the parametric distribution.
Secondly, the first two statistical moments should have
a dominating impact on the optimum (Liu et al. 2006).
However, it may not be always satisfied in engineering
applications.

2.3 Reliability analysis and sampling-based RBDO

Reliability analysis can be categorized into analytical
and sampling methods as a whole. The analytical
methods have been developed using approximation on
limit-state function to estimate the probability of failure
(Tu et al. 1999; Adhikari 2004; Lee et al. 2012; Lim
et al. 2014; Jung et al. 2019). On the other hands, the
sampling methods mainly use random sampling in the
probabilistic domain (Denny 2001; Rubinstein and
Kroese 2016). Thus, design optimization using the

Fig. 1 a Functional dependence structure of nonhierarchical ATC. b Target and response flow between subsystem j and its neighbors (modified from
Tosserams et al. 2010)
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sampling method for reliability analysis is called
sampling-based RBDO which is mainly employed in
the paper due to its accuracy compared with the analyt-
ical methods (Dubourg et al. 2011; Bae et al. 2018;
Kang et al. 2019). Reliability analysis and stochastic
sensitivity analysis should be iteratively performed in
the sampling-based RBDO to deal with probabilistic
constraints. Unlike PATC using moment-matching which
uses the first two moments of the subsystems, the pro-
posed method applies the sampling-based RBDO to in-
dividual optimizations of the subsystems.

In the sampling-based RBDO, the probability of failure can
be computed as (Lee et al. 2011):

PF ≡ Pr G Xð Þ > 0½ �
¼ ∫IΩ F xð Þ f X xð Þdx
¼ E IΩ F xð Þ½ �

where IΩ F xð Þ ¼ 1; x∈ΩF

0; otherwise

	
ΩF≡ x : G xð Þ > 0f g

ð3Þ

In (3),Pr[•] and E[•] represent a probability and an ex-
pectation measure, respectively; G(x) is the limit-state
function; ΩF is the failure set defined as G(x) > 0; fX(x)
is the joint probability density function (PDF) of X.
Moreover, the stochastic sensitivity for the probability
of failure is obtained through the first-order score func-
tion using PDFs of random design variables (Lee et al.
2011). Since the numerical integration in (3) would re-
quire excessive number of function evaluations, so that
surrogate modeling is often employed in the sampling-
based RBDO. However, surrogate modeling and sam-
pling strategies are beyond the scope of this research,
so that we focused on how to establish an overall frame-
work by connecting PATC and RBDO to alleviate the
accuracy issues in the conventional PATC.

3 Sampling-based probabilistic analytical
target cascading with multivariate KDE

3.1 Terminology and remarks

Each variable and function for the proposed method have to
be defined specifically and clearly. Assuming an extensive
system with multiple subsystems, three types of variables
can be classified in the decomposed subsystems: (1) local
variables that belong to a single subsystem only, (2) coupling
variables that behave as design variables in a subsystem and as
responses in the corresponding subsystem, and (3) shared

variables which are design variables in both linked subsys-
tems. Coupling variables and shared variables are also called
linking variables. In order to prevent confusion on defining
coupling variables, a coupling variable as a response is denot-
ed as a coupling response hereafter. Detailed notations to de-
scribe the proposed formulation are listed in Table 1
(Papalambros and Wilde 2017).

On the other hand, the coordination algorithm of ATC
can be divided into the inner loop for design optimiza-
tion and the outer loop to achieve convergence and con-
sistency of the system optimum. In the inner loop, indi-
vidual optimizations of the subsystem are conducted in
the presence of given parameters without any communi-
cation. In the outer loop, Lagrange multipliers and pen-
alty weights are updated, and linking variables are trans-
ferred. In the perspective of the double-loop scheme, the
sampling-based RBDOs are performed in the inner loop
of ATC, and uncertainty propagation is performed in the
outer loop since uncertainties of linking variables will be
propagated after individual RBDOs of all subsystems.
Note that the coordination scheme of AL-AD is
exploited to the proposed double-loop structure.
Therefore, the inner loop for individual optimization
and the outer loop for uncertainty quantification and
propagation are explained in the subsequent sections
(Tosserams et al. 2006).

3.2 Basic formulation for sampling-based PATC: inner
loop

In this section, sampling-based RBDO of a general sub-
system and how to establish consistency constraints be-
tween linking variables are explained. Since the inner
loop of PATC indicates the individual RBDO of each
subsystem to obtain the optimum under given Lagrange
multiplier, penalty weight, and information on linking
var iab les f rom the cor responding subsys tems .
Consequently, the consistency would be gradually de-
creased through several times of repetitive RBDOs, con-
verging the Lagrange multipliers. Note that there is no
communication between subsystems in the inner loop,
and thus, it is merely sampling-based RBDO in the con-
text of ALC.

3.2.1 Formulation

The proposed optimization formulation of a subsystem
with three types of consistency constraints can be
expressed as

2080 Y. Jung et al.



given *yCoupnj ;μXCoup
nj

;μXShared
nj

find μ X j
¼ μXLocal

j
;μXCoup

jn
;μXShared

jn

h i
min
μX j

f j μX j

� �þ ∑
n∈R j

π *ynjCoup−μXCoup
jn

� �
þ π μXCoup

nj
−E YCoup

jn

h i� �
þ π μXShared

nj
−μXShared

jn

� �
subject to Pr bG j X j

� �
> 0

h i
≤PTarget

F

where π cð Þ ¼ vTcþ w∘ck k22
X j ¼ XLocal

j ;XCoup
jn ;XShared

jn

h i
;YCoup

jn ¼bRjn X j

� �
XLocal

j ∼ζ Local
j μXLocal

j
;σ2

XLocal
j

� �
XShared

jn ∼ζSharedjn μXShared
jn

;σ2
XShared
jn

� �
XCoup

jn ∼bp x;μXCoup
jn

; *y
Coup
nj

� �

ð4Þ

In (4), ζmeans known parametric distribution; PTarget
F is target

probability of failure; bp is shifted multivariate KDE; bG j andbRjn are surrogate models to approximate expensive limit-state
function Gj and coupling response YCoup

jn in subproblem j,
respectively. The probabilistic constraints are evaluated
through MCS as (3), and the ALC is used to promote the
consistency between linking variables. The purpose of the
optimization in (4) is to find the optimal mean vector of ran-
dom design variables.

The objective function in (4) includes a penalty function

regarding three types of consistency constraints. Firstly, π

*yCoupnj −μXCoup
jn

� �
is associated with a coupling variable in sub-

system j and a coupling response in subsystem n. *yCoupnj is the

sample mean of *yCoupnj which are the realizations of the ran-

dom coupling response received from subsystem n, and μXCoup
jn

is the design vector of coupling variable in subsystem j. The

second term π μXCoup
nj

−E YCoup
jn

h i� �
also corresponds to coupling

variables in the opposite way. The expectation of coupling re-

sponseYCoup
jn should be consistent with μXCoup

nj
that is given from

subsystem n. Thus, it is a coupling variable in subsystem n and a

coupling response in subsystem j. The third term π

μXShared
nj

−μXShared
jn

� �
is related to a shared variable. Since the dis-

tribution of the shared variable is known, uncertainty propagation
can be performed accurately by statistical moments, so that only
mean vector is used in the consistency constraint.

Note that the distribution of coupling variables is

denoted as bp x;μXCoup
jn

; *yCoupnj

� �
defined as shifted multi-

variate KDE of coupling variable XCoup
jn constructed

Table 1 Detailed description of notations in the proposed framework

Notation Description

XLocal
j Random local variable in subsystem j

XShared
jn ≡XShared

nj Random shared variable between subsystem j and subsystem n

XCoup
jn ≡YCoup

nj Random coupling variable in subsystem j and coupling response in subsystem n

YCoup
jn ≡XCoup

nj Random coupling response in subsystem j and coupling variable in subsystem n
*y

Coup
nj Realizations of coupling response YCoup

nj received from subsystem n

X j ¼ XLocal
j ;XCoup

jn ;XShared
jn

h i
Random design variables in subsystem jbp x;μXCoup

jn
; *y

Coup
nj

� �
Multivariate KDE of XCoup

jn constructed on *y
Coup
njbRjn Approximated response function to compute coupling response YCoup

jn in subsystem jbG j Approximated limit-state function for constraints in subsystem j

v Lagrange multiplier vector

w Penalty weight vector

f j μX j

� �
Local objective function in subsystem j

2081Probabilistic analytical target cascading using kernel density estimation for accurate uncertainty... 



from *yCoupnj . This procedure indicates that statistical in-

formation of coupling variable in subsystem j is re-
ceived from subsystem n, but its design vector (i.e.,
mean vector of KDE) can change because it is one of
design variables to be optimized. On the other hand, the
distribution of the coupling response also has to move
toward the given mean vector of coupling variable from
the corresponding system. The uncertainty propagation
and communication of coupling variables and responses
will be described in Sect. 3.3.

3.2.2 Subsystem composition

Detailed composition of a general subsystem is illustrat-
ed in a single subsystem in Fig. 2 where subscripts for
subsystem index are omitted. A vector of local variables
is denoted as XLocal which contains all random local
variables. A vector of shared variables is denoted as
XShared imposed to be consistent with linked subsys-
tems. A vector of coupling variables is denoted as
XCoup. Since it is not a design variable in the system-

level, the variability of XCoup should be assigned by the
corresponding subsystem as a coupling response through
multivariate KDE. On the other hands, responses to be
computed in the subsystem can be categorized into
limit-state function and coupling responses. The limit-
state function GPerf is involved in probabilistic con-
straints for the optimization, and the coupling response
YCoup is computed to propagate uncertainty. In other
words, the limit-state function is used only within each
RBDO of a subsystem as a constraint, so that it is not
involved in a linking variable.

Figure 3 shows a simple scheme of three subsystems.
Each subsystem has own local variable, and there are
two coupling variables and one shared variable. The
arrow between two subsystems indicates the consistency
constraint. Subsystems 1 and 2 are linked with a cou-
pling variable. The correlated coupling responses in sub-
systems 2 and 3 are propagated to subsystem 1 as the
2-dimensional histogram in Fig. 3, and subsystem 1 is

optimized with the propagated variability of YCoup
21 and

YCoup
31 returning μXCoup

12
and μXCoup

13
to subsystems 2 and

Fig. 3 Flow of linking variables between linked subsystems

Fig. 2 Composition of a general
subsystem
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3. Therefore, the consistency constraint in subsystems 2

and 3 can be expressed as μXCoup
12

−E YCoup
21

h i
and

μXCoup
13

−E YCoup
31

h i
, respectively. Note that the coupling re-

sponses are correlated since there is shared variable be-
tween subsystems 2 and 3, which is the reason why the
multivariate KDE should be used. On the other hand,
distribution of shared variable is already known, so that
the consistency constraint is denoted as μXShared

23
−μXShared

32
.

3.2.3 Surrogate modeling

Surrogate modeling is utilized in the proposed PATC
framework especially in the inner loop to alleviate the
expensive computational cost. For further efficiency im-
provement, sequential sampling strategies are often com-
bined with surrogate modeling. There have been exten-
sive researches on effective sequential sampling in
which the new sample location is explored to greatly
increase the accuracy of surrogate model, but the con-
straint boundary sampling (CBS) with local window is
adapted in this study to enhance accuracy and efficiency
of surrogate models. The CBS criterion is formulated as
(Lee and Jung 2008; Chen et al. 2014)

CBS ¼ ∑
N

i¼1
ϕ

bGi xð Þffiffiffiffiffiffi
σbGi

2
q

0B@
1CA⋅D if bGi xð Þ≥0;∀i

0 otherwise

8>><>>: ð5Þ

where D is the minimal distance from the current sam-

ple point to the existing sample points and bGi xð Þ is the
prediction of the limit-state function at the current point

x and σbGi2 indicates the estimated variance of the current

sample point. In the remainder of paper, the second-
order polynomial basis function and Gaussian correla-
tion function are used in kriging model for the mean
structure and correlation function, respectively.

One important thing to be discussed when using sur-
rogate models is that the design space can be
partitioned in the ATC structure. This means that high-
dimensional design space can be decomposed into sev-
eral low-dimensional design spaces, and unlike existing
ATC, it may be efficient than even All-in-One (AiO)
which optimizes the entire system at once in the high-
dimensional design space since the number of samples
to achieve acceptable level of accuracy increases expo-
nentially with dimensions, called “the curse of dimen-
sionality.” Efficiency comparison with AiO is beyond
the scope of the paper, so we will use it for reference
only.

3.3 Uncertainty propagation and sensitivity analysis
for KDE: outer loop

In the outer loop of the proposed PATC, mean vectors
including local, shared, and coupling variables and non-
parametric distributions of coupling responses have to
be exchanged, and the corresponding Lagrange multi-
pliers and penalty weights are appropriately updated
using AL-AD. Even though the sampling-based RBDO
can be adapted into the individual optimizations of sub-
systems, ATC structure always has linking variables
transferred from linked subsystems. Therefore, the un-
certainty propagation of the linking variable, the key
concept of the proposed framework, have to be devel-
oped preferentially. However, a coupling variable is not
a design variable in the system level but an intermediate
response due to decomposition which is a function of
design variables. Thus, explicit expression of its uncer-
tainty necessary for stochastic sensitivity analysis of
RBDO cannot be achieved. In the proposed method,
uncertainty quantification and propagation of a coupling
variable are conducted using KDE.

KDE is a nonparametric method to estimate underly-
ing PDF of a random variable based on given samples
drawn from the true but unknown distribution (Chen
2017; Silverman 2018) as the summation of kernel
functions generated by each sample. Thus, it facilitates
to estimate the distribution of coupling variable based on the
realizations from the corresponding subsystem. In addition,
there are several coupling variables transferred from a single
subsystem or sharing the source of uncertainty for shared var-
iables. It means that multiple coupling variables could be cor-
related to each other in a single subsystem. Thus, we exploit
both univariate and multivariate KDE for uncertainty
propagation of coupling variables according to the pres-
ence of correlation. The correlation of coupling vari-
ables in moment-matching has been treated in the liter-
ature (Xiong et al. 2010).

3.3.1 Shifted KDE

The univariate KDE using Gaussian kernel function for a sin-
gle independent coupling variable when there is no correlation
between coupling variables can be formulated as

bp x; *yCoup
� � ¼ 1

n
∑
n

i¼1
Kh x−*yCoup; ið Þ

� �
¼ 1ffiffiffiffiffiffi

2π
p

nh
∑
n

i¼1
exp −

1

2h2
x−*yCoup; ið Þ

� �2
� � ð6Þ

where n is the number of given samples, ∗yCoup = [∗yCoup,
(1), ..., ∗yCoup,(n)]T represents the vector of given samples for a
single coupling variable. ∗yCoup,(i) is i-th sample, and h is the
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positive smoothing parameter (i.e., bandwidth). It can be seen
from (6) that the kernel function only depends on the smooth-
ing parameter with the given samples. The smoothing param-
eter will be computed using the rule-of-thumb since the true
distribution of a linking variable is unknown given by
(Silverman 2018)

h ¼ 4bσ5

3n

� �1
5

ð7Þ

where bσ2 is the sample variance and n is the number of sam-
ples. The rule-of-thumb assumed that the true distribution is
close to the normal distribution, but it gives a plausible PDF
for any true distribution. The detailed description of KDE and
methods to determine an optimal smoothing parameter to re-
duce mean integrated square error (MISE) can be seen in the
literature (Chen 2015, 2017; Silverman 2018).

The multivariate KDE for multiple correlated coupling var-
iables with a set of given samples can be written as

bp x; *yCoup
� � ¼ 1

n
∑
n

i¼1
KH x−*yCoup; ið Þ

� �
¼ 1

n
2πð Þ−m=2 Hj j−1=2 ∑

n

i¼1
exp −

1

2
x−*yCoup; ið Þ

� �T
H−1 x−*yCoup; ið Þ

� �� �
ð8Þ

where n is the number of samples; m is the number of corre-
lated coupling variables; H is the bandwidth matrix to be
calculated (Duong & Hazelton 2005; Zougab et al. 2014);

*yCoup; ið Þ ¼ *yCoup; ið Þ1 ; :::; *yCoup; ið Þm

h iT
represents the i-th sample

vector of m correlated coupling variable;∗yCoup = [∗yCoup,
(1), ..., ∗yCoup, (n)]T is a matrix composed of n number of samples.
In other words, n number of m-dimensional sample data for
coupling variables are used to establish the multivariate KDE.

If the coupling variable has to estimate PDF from a
linked subsystem as (6) or (8), it should be shifted since
coupling variables are also design variable to be opti-
mized. It means that the statistical characteristics of the
coupling responses should be maintained except for the
design vector (i.e., mean vector). In consequence, the
joint PDF of correlated coupling variables in case of
multivarite KDE and current design vector can be
expressed as

bp x;μXCoup ; *; yCoup
� � ¼ 1

n
2πð Þ−m=2 Hj j−1=2 ∑

n

i¼1
exp −

1

2
x−s ið Þ

� �T
H−1 x−s ið Þ

� �� �
where s ið Þ ¼ *yCoup; ið Þ−*yCoup þ μXCoup

ð9Þ

The i-th shifted samples denoted as s(i) is defined to reflect the
current mean vector of coupling variables denoted as μXCoup to
samples given from corresponding subsystems, and *yCoup

¼ *yCoup1 ; :::*yCoupm

h iT
is the sample mean vector of m corre-

lated design variables. It indicates that given samples are
equally shifted according to current design vector of
coupling variables. Through the shifting of the samples,
only the numerical expectation of KDE is changed
(Silverman 2018). In the proposed method, the consis-
tency constraint can be arranged with the mean, but
uncertainties are transferred as a nonparametric distribu-
tion without loss of any statistical information unlike
PATC using moment-matching.

3.3.2 Sensitivity analysis for KDE

To perform sampling-based RBDO in the proposed
PATC, stochastic sensitivity for probabilistic constraints
with respect to design vector needs to be estimated ac-
curately. When distributions of random design variables

are known, stochastic sensitivities using the first-order
score function with respect to the mean vector can be
obtained even if input random variables are correlated
(Lee et al. 2011; Cho et al. 2016a). However, since the
coupling variable follows the KDE in the proposed
PATC, analytical sensitivity analysis for KDE is derived
in this section, and its accuracy is verified in compari-
son with the finite difference method (FDM) in Sect. 4.

Stochastic sensitivity analysis of the probability of
failure with respect to the mean of the jth random var-
iable including local and shared variables whose distri-
butions are known is obtained as

∂PF

∂μ j
¼ ∂

∂μ j
∫IΩ F xð Þ f X x;μð Þdx

¼ ∫IΩ F xð Þ ∂ln f X x;μð Þ
∂μ j

f X x;μð Þdx

¼ E IΩ F xð Þ ∂ln f X x;μð Þ
∂μ j

" # ð10Þ
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The partial derivative of the log function of joint PDF
with respect to mean of jth random variable is called
first-order score function. It has been well derived in the
literature when input distribution is known parametric dis-
tribution, so that the stochastic sensitivity analysis with
respect to local and shared variables can be performed
(Lee et al. 2011).

However, the distribution of coupling variables is es-
timated by KDE. In the case of independent coupling
responses, the first-order score function of univariate
KDE with respect to jth design variable can be derived
as

∂ln f X x;μð Þ
∂μ j

≡ ∂ln bp x; *yCoup
� �
∂μ j

¼ ∑
n

i¼1

∂ln bp
∂*yCoup; ið Þ

∂*yCoup; ið Þ

∂μ j

¼ ∑
n

i¼1

x−*yCoup; ið Þffiffiffiffiffiffi
2π

p
nh3 bp exp −

1

2h2
x−*yCoup; ið Þ

� �2
� � ð11Þ

since the KDE is a function of samples where ∗yCoup

represents n samples of a coupling response, and h is
the smoothing parameter. It is noted that change of
mean vector for KDE represents all data are shifted
simultaneously, so that the partial derivative with re-

spect to the jth mean value, ∂*yCoup; ið Þ
∂μ j

is equal to one.

Plugging the first-order score function of KDE with
respect to independent random variables in (11) into
(10) yields sensitivity of the probability of failure for
independent coupling variables.

In the same context, it can be extended to develop-
ment for first-order score function of multivariate KDE
to handle the correlated coupling variables. Note that
the correlation would exist when there is a shared
source of uncertainty, and thus the designer should con-
firm it before the optimizaiton. From (8), it can be
written as

∂ln f X x;μð Þ
∂μ j

≡
∂ln bp x; *yCoup

� �
∂μ j

¼ ∑
n

i¼1

1bp ∂ bp
∂*yCoup; ið Þj

∂*yCoup; ið Þj

∂μ j

¼ ∑
n

i¼1

1

∑
n

k¼1
a kð Þ

∂a ið Þ

∂*yCoup; ið Þj

ð12Þ

where *yCoup; ið Þj is i-th sample of j-th coupling variable.

Since multivariate KDE is a function of a(i) where

a ið Þ ¼ exp −
1

2
x−*yCoup; ið Þ

� �T
H−1 x−*yCoup; ið Þ

� �� �
ð13Þ

defined as a function of i-th sample ∗yCoup,(i)and x. As
shown in (12), the partial derivative of each sample
with respect to mean is equal to one, and the only
partial derivative of a(i) is derived as

∂a ið Þ

∂*yCoup; ið Þj

¼ ∂
∂*yCoup; ið Þj

exp −
1

2
x−*yCoup; ið Þ

� �T
H−1 x−*yCoup; ið Þ

� �� �� �

¼ −
a ið Þ

2

∂ x−*yCoup; ið Þ
� �T

H−1 x−*yCoup; ið Þ
� �

∂*yCoup; ið Þj

¼ a ið Þ x−*yCoup; ið Þ
� �T

H−1
j

ð14Þ

where H−1
j is jth column vector of H−1. Using (14), the

first-order score function of multivariate KDE for cou-
pling variable finally can be arranged as

Fig. 4 Overall flowchart of the proposed PATC
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∂lnp̂ x; *yCoupð Þ
∂μ j

¼ ∑
n

i¼1

a ið Þ

∑
n

k¼1
a kð Þ

x−*yCoup; ið Þ
� �T

H−1
j

¼ 1

∑
n

k¼1
a kð Þ

a 1ð Þ; a 2ð Þ;…; a nð Þ
h i x1−*y 1ð Þ

1 ⋯ x1−*y nð Þ
1

⋮ ⋱ ⋮
xm−*y 1ð Þ

m ⋯ xm−*y nð Þ
m

0@ 1AT

H−1
j

ð15Þ

Consequently, the coupling variables can be employed to
sampling-based RBDO with analytical sensitivity analysis using
first-order score function for univariate KDE in (11) and multi-
variate KDE in (15).

This procedure for sensitivity analysis is the reason
why the statistical representation of samples is neces-
sary. Since KDE of coupling variables is established
on the realizations of coupling responses from the cor-
responding subsystem, it can be directly used for com-
puting probability of failure. However, its stochastic
sensitivity analysis which requires the first-order score
function cannot be explicitly defined without density
estimation. To conclude, KDE is employed for provid-
ing accurate sensitivity of reliability rather than estimat-
ing reliability itself.

3.4 Flowchart of methodology

This section explains the proposed algorithm in detail
using a flowchart. Figure 4 describes the overall flow-
chart of the proposed PATC. Firstly, deterministic opti-
mizations of individual subsystems while improving sur-
rogate models have to be performed iteratively, and
thus, the Lagrange multipliers and the penalty weights
are updated using AL-AD. Once the deterministic ATC
successfully converges to the optimum, it becomes the
initial point of the sampling-based PATC. It is noted
that FEA is performed only on the specific sampling
points for improving the surrogate models, and the
sampling-based RBDO is performed using the surrogate
models of coupling responses and limit-state function
for probabilistic constraints. Especially, the realizations
of coupling responses are propagated to corresponding
subsystems, and thus the KDE for coupling variable is
established to perform reliability analysis and sensitivity
analysis will be carried out iteratively. The scheme of
updating Lagrange multiplier and penalty weight is still
maintained in PATC. Notably, the determination of the
surrogate model and the sequential sampling strategy is
also critical from the perspective of accuracy and con-
vergence, but it is additional implementation for the
proposed method. Thus, any other types of improved

sampling method and surrogate modeling can be used
in the proposed framework. The main contribution of
the proposed method is to suggest the KDE for quanti-
fying the uncertainty of coupling variable in individual
RBDOs of subsystems.

4 Numerical examples

In this section, two mathematical examples are made to verify
the proposed method including the sensitivity analysis and the
entire optimization compared with existing methods. The first
example is related to the univariate KDE since it has a single
coupling response, and the second example is involved in
multivariate KDE where the coupling responses from two
subsystems are correlated due to the shared variable. It can
be seen that the proposed method can give accurate results
employing KDE to quantify the uncertainty of coupling
variables.

4.1 3-dimensional mathematical example

A 3-dimensional mathematical example is employed to
demonstrate the feasibility of the developed framework
compared with AiO which means the system level op-
timization combining all subsystems and PATC using
moment-matching. In addition, the proposed sensitivity
analysis for univariate KDE is verified. It is shown that
the proposed framework is capable of providing high
accuracy through the uncertainty propagation of non-
parametric distributions without any loss of information
unlike the moment-matching method.

4.1.1 Formulation of decomposed 3-dimensional
mathematical example

The decomposed structure of 3-dimensional RBDO has three
types of design variables and two types of responses. There is
no shared variable, and subsystem 1 has a coupling response,
and subsystem 2 has the corresponding coupling variable.
There is one consistency constraint with respect to the coupling
variable vanished in the system-level optimization.
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The optimization of subsystem 1 is formulated as

minimize
μX1

;μX2

−
μX 1

þ μX 2
−10

� �2
30

−
μX 1

−μX 2
þ 10

� �2
120

subject to Pr Gi Xð Þ > 0½ �≤0:05 for i ¼ 1; 2; 3

where G1 Xð Þ ¼ 1−
X 2

1X 2

20
G2 Xð Þ ¼ −1þ 0:9063X 1 þ 0:4226X 2−6ð Þ2 þ 0:9063X 1 þ 0:4226X 2−6ð Þ3−

0:6 0:9063X 1 þ −0:4226X 2−6ð Þ3− 0:4226X 1 þ 0:9063X 2ð Þ
G3 Xð Þ ¼ 1−

80

X 2
1 þ 8X 2 þ 5

Y 1 X 1;X 2ð Þ ¼ 2X 2
1−X 2

10

X 1∼N μX 1
; 0:52

� �
;X 2∼N μX 2

; 0:52
� �

ð16Þ

In Eq.(16), Y1(X1,X2) is the coupling response to be trans-
ferred to subsystem 2. Only local variables are random design
variables in subsystem 1. The target probability of failure is set
to 5.00% for three constraints.

Similarly, the optimization of subsystem 2 is formulated as

minimize
μX

μX 3
þ μXCoup

1

subject to Pr Gi Xð Þ > 0½ �≤0:05 for i ¼ 4; 5

where G4 Xð Þ ¼ 1−
X 2

3X
Coup
1

20

G5 Xð Þ ¼ 1−
X 3 þ XCoup

1 −10
� �2

30
−

X 3−XCoup
1 þ 10

� �2

120

X 3∼N μX 3
; 0:52

� �
XCoup

1 ∼ pb x;μXCoup
1

; *y1
� �

ð17Þ

In Eq. (17), XCoup
1 is the coupling variable and its uncertainty

is described with the shifted KDE explained in Section 3.3.1. ∗y1
is given realizations of a coupling response from subsystem 1.

There are two random design variables which are a local variable
and coupling variable with no coupling response, and other

Fig. 5 True and approximated limit-state functions in subsystem 1

Table 2 Results of sensitivity analysis with respect to univariate KDE

True distribution Design sensitivity G1 at d1 G2 at d1 G1 at d2 G2 at d2

Normal FDM (1.0%) − 0.0975 0.0823 − 0.1287 0.0275

FDM (0.5%) − 0.1006 0.0798 − 0.1314 0.0264

FDM (0.1%) − 0.1027 0.0774 − 0.1346 0.0249

Proposed − 0.1020 (0.68%) 0.0764 (1.30%) − 0.1351 (0.37%) 0.0250 (0.40%)

Lognormal FDM (1.0%) − 0.0987 0.0768 − 0.1305 0.0291

FDM (0.5%) − 0.1012 0.0742 − 0.1340 0.0278

FDM (0.1%) − 0.1037 0.0724 − 0.1395 0.0272

Proposed − 0.1026 (1.07%) 0.0721 (0.41%) − 0.1365 (2.19%) 0.0270 (0.74%)

Gumbel FDM (1.0%) − 0.0951 0.0784 − 0.1338 0.0339

FDM (0.5%) − 0.0975 0.0761 − 0.1370 0.0333

FDM (0.1%) − 0.1012 0.0752 − 0.1381 0.0330

Proposed − 0.1001 (1.09%) 0.0727 (3.43%) − 0.1401 (1.42%) 0.0322 (2.58%)
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properties are analogous with subsystem 1. It is noted that sub-
systems 1 and 2 can be combined with the substitution of the
coupling response Y1(X1,X2) as a function of design variables,
and thus, it would become 3-dimensional RBDO problem.

4.1.2 Validation of sensitivity analysis for univariate KDE

In this section, the accuracy of the proposed sensitivity
analysis is compared with numerical sensitivity analysis
using G1 and G2 in (16). Variability of X1 is quantified
by KDE with 50 samples drawn from the known para-
metric distribution, and X2 is assumed to follow a nor-
mal distribution. Comparison tests are performed by
varying the true distribution of X1 such as normal, log-
normal, and Gumbel distributions, and the results are
compared with FDM using various perturbation sizes
such as 1.0%, 0.5%, and 0.1%. The number of samples
drawn from KDE and the normal distribution to com-
pute the probability of failure is 107 at two arbitrary
des ign points which are d1 = [4.56, 1.86]T and

d2 = [4.32, 1.95]T where the standard deviation is 0.5
for both random variables.

Table 2 shows the results of the proposed and numerical
sensitivity analysis for G1 and G2 in (16). Discrepancies be-
tween two sensitivity analysis results in the case of 0.1% per-
turbation are also shown in parenthesis. Obviously, low dis-
crepancy can confirmed the correct derivation of proposed
sensitivity analysis. The numerical sensitivity analysis is per-
formed using the fixed random seed to eliminate sampling
uncertainty, and the proposed method shows accurate results
regardless of the true distribution type or design point
location.

4.1.3 Results of sampling-based PATC

The optimum of AiO representing system-level optimi-
zation is [3.7549, 2.6423, 4.0267]T which can be thought
as true optimum. It is obtained from a single 3-
dimensional optimization using true mathematical func-
tions since it is the reference results to validate the
accuracy of ATC optimum rather than efficiency. As
mentioned before, the proposed method uses the opti-
mum of deterministic ATC as the initial design. In each
2-dimensional subsystem, grid sampling with 5-level
full-factorial design is used to generate initial samples,
which means that 25 samples are used to construct

Fig. 6 Optimum and additional samples in the design space of subsystem 1: a ATC b Sampling-based PATC

Table 3 Optimization results of the proposed sampling-based PATC

Subsystem 1 Subsystem 2

Initial grid samples 25 (52) 25 (52)

Additional samples during ATC 10 2

Additional samples during PATC 6 6

Total samples 41 33

Mean of coupling variable 2.6056 2.6033

Optimum [3.7550, 2.6438, 4.0323]T

Probability of failure (%) [5.02, 4.95, 5.01]

Table 4 Optimization results of PATC using moment-matching

Results

Moments of coupling variable μ = 2.6676, σ2 = 0.7647

Optimum [3.7970, 2.5855,4.0660]T

Probability of failure (%) [5.06, 3.89, 5.94]
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initial kriging models for the constraints and coupling
response shown as black filled circles in Fig. 5. The
solid and dotted lines in the figure mean the true and
approximated limit-state functions by the kriging model
using 25 samples marked as black solid circles, respec-
tively. The accuracy of the limit-state function seems
low, but it could be improved through sequential
sampling.

Using the approximated limit-state functions in Fig. 5, the
proposed PATC is performed based on the algorithm in Fig. 4.
The tolerance for convergence is set to 5 × 10−3, the number of
MCS samples is 5 × 105, and the number of samples for the
stochastic sensitivity proposed in Sect. 3.3.2 is 104. All initial
Lagrange multipliers and penalty weights are set to 1 and 0,
respectively.

Figure 6 illustrates additional samples, updated kriging
model as dotted lines, and the design point in subsystem 1 at
the end of each process of ATC and sampling-based PATC. It
is shown from the figure that the additional samples are locat-
ed in the vicinity of the limit-state, so that the accuracy is
partially improved. Table 4 shows optimization results of the
proposed method. From Table 3, it can be seen that the opti-
mum from the proposed PATC is very close to the ones by
AiO. From Table 4 which shows optimization results by
PATC using moment-matching, the probability of failure at
the optimum is inaccurate due to the normality assumption
on the coupling variable. It is noted that only mean is used
to construct the consistency constraint since the standard de-
viation goes to zero during PATC using moment-matching.
Therefore, the standard deviation is merely given from sub-
system 1. Figure 7 shows the difference between two methods
in the density estimation of the coupling variable. It is because
PATC using moment-matching assumes the distribution as a

normal distribution with estimated mean and variance, where-
as the proposed PATC estimates the distribution using KDE
showing the good agreement at the optimum.

4.2 10-dimensional mathematical example

In this section, a 10-dimensional mathematical example
that has 6 probabilistic constraints is tested to validate
the proposed PATC using multivariate KDE. The sto-
chastic sensitivity analysis for multivariate KDE will
be compared with numerical sensitivity as performed
in the previous example. The whole system can be
decomposed into three subsystems with one shared var-
iable and two correlated coupling responses.

4.2.1 Formulation of decomposed 10-dimensional
mathematical example

The optimization of subsystem 1 is formulated as

minimize
μX

μX 1

� �−2 þ 2 μX 2

� �2 þ μX 3

� �2
subject to Pr Gi Xð Þ > 0½ �≤0:05 for i ¼ 1; 2

where G1 Xð Þ ¼ − XCoup
1

� �−2
þ X 2

1−X
2
2−2:5

G2 Xð Þ ¼ X 2
2−X

2
3− XCoup

2

� �−2
−2:5

X 1∼N μX 1
; 0:52

� �
;X 2∼N μX 2

; 0:52
� �

;

X 3∼N μX 3
; 0:12

� �

ð18Þ

In subsystem 1, two coupling variables are involved,
and three local variables following the normal distribu-
tion are given. It is noted that the distributions of two
coupling variables are estimated through multivariate
KDE.

The optimization of subsystem 2 having one shared vari-
able and one coupling response is formulated as

minimize
μX

−

subject to Pr Gi Xð Þ > 0½ �≤0:05 for i ¼ 3; 4
where G3 Xð Þ ¼ X 2

4 þ X −2
5 −X 2

7−6
G4 Xð Þ ¼ X −2

4 þ X 2
6−X

2
7−3:5

YCoup
1 Xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

log X 2
4 þ X 2

5 þ X 2
6 þ X 2

7

� �s

X 4∼N μX 4
; 0:12

� �
;X 5∼N μX 5

; 0:12
� �

X 6∼N μX 6
; 0:52

� �
;X 7∼N μX 7

; 0:82
� �

ð19Þ

In subsystem 2, X7 is a shared variable with subsystem
3. Also, it has a coupling response Y1

coup to be consis-
tent with coupling variable of subsystem 1. Note that no

Fig. 7 Histograms of coupling response at each optimum for 3-
dimensional optimization
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objective function indicates only a penalty function for
ALC is involved in promoting the consistency of
linking variables.

The optimization of subsystem 3 having one shared vari-
able and one coupling response is formulated as

minimize
μX

−

subject to Pr Gi Xð Þ > 0½ �≤0:05 for i ¼ 5; 6
where G5 Xð Þ ¼ X 2

7 þ X −2
8 −X 2

9−3:5
G6 Xð Þ ¼ X −2

7 þ X 2
8−X

2
10−6

YCoup
2 Xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

log X 2
7 þ X 2

8 þ X 2
9 þ X 2

10

� �s

X 7∼N μX 7
; 0:82

� �
;X 8∼N μX 8

; 0:12
� �

X 9∼N μX 9
; 0:52

� �
;X 10∼N μX 10

; 0:52
� �

ð20Þ

It can be shown that subsystem 3 has shared variable X7 with
subsystem 2 and coupling response Y2

Coup as well as subsys-
tem 2.

Consequently, there are three subsystems and two correlat-
ed coupling variables due to a shared variable X7 between
subsystems 2 and 3. In the following section, we can validate
the stochastic sensitivity analysis for multivariate KDE using
a 10-dimensional example. Note that coupling variable is not
design variable in the perspective of the AiO optimization, but
it is an intermediate random response to be consistent in
decomposed structure.

4.2.2 Validation of sensitivity analysis for multivariate KDE

Firstly, the stochastic sensitivity analysis with respect to mul-
tivariate KDE has to be verified using the performance func-
tion modified from the 10-dimensional optimization. The per-
formance function for validation of sensitivity analysis can be
written as

G Xð Þ ¼ X 1 þ XCoup
1

� �2
þ 2 X 2 þ XCoup

2

� �2
−92 ð21Þ

where two random variables follow a normal distribution
as N(3,0.12), and the two coupling variables are the func-
tions of random variables which denoted as Y1

Coup and
Y2

Coup in (19) and (20) where the mean of random vari-
ables are set to 2. Thus, the two coupling variables with
correlation does not follow parametric distribution unlike
tests for univariate KDE. The number of samples for com-
puting reliability is 5×105, and the number of samples to
construct the multivariate KDE is variant, so that the nu-
merical sensitivity for various perturbation size and pro-
posed sensitivity analysis with respect to each mean vec-
tor are tabulated in Table 5. Since the optimal step size is
dependent on various test conditions, the analytical sensi-
tivity does not have to fit well with the numerical sensi-
tivity of the smallest perturbation, especially in case of
stochastic sensitivity. Thus, the overall trend of numerical
sensitivities had become a measure to validate the devel-
oped analytical sensitivity. The proposed sensitivity anal-
ysis shows a good agreement with numerical sensitivities.

Table 5 Results of sensitivity analysis for reliability with respect to multivariate KDE

No. of samples 10 100 500

Mean vector d1 d2 d1 d2 d1 d2

FDM (5.00%) 0.2831 0.9238 0.2442 0.8250 0.2511 0.8312

FDM (1.00%) 0.1887 0.4180 0.1567 0.3530 0.1657 0.3743

FDM (0.50%) 0.1779 0.3837 0.1503 0.3189 0.1573 0.3367

FDM (0.10%) 0.1710 0.3630 0.1371 0.2940 0.1534 0.3296

FDM (0.05%) 0.1718 0.3419 0.1371 0.2813 0.1559 0.3084

Analytical sensitivity analysis 0.1682 0.3305 0.1374 0.2948 0.1436 0.2972

Table 6 Results of each method for 10-dimensional optimization

Method Optimum

AiO [1.000, 1.972, 2.764, 1.024, 1.000, 1.000, 1.000, 1.068, 1.797, 1.000]T

Moment-matching [1.000, 1.993, 2.790, 1.022, 1.000, 1.000, 1.000, 1.198, 1.740, 1.000]T

KDE (Proposed) [1.001, 1.976, 2.769, 1.027, 1.000, 1.000, 1.000, 1.069, 1.794, 1.000]T
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4.2.3 Results of sampling-based PATC

The results of sampling-based PATC using multivariate KDE
are shown in this section. Note that surrogate modeling is not
employed for the sake of simplicity in this example because it
is already validated in the 3-dimensional example. The normal
distribution is used for uncertainty quantification in the
moment-matching method, and the lower bound and upper
bound for 10 design variables are given as 1 and 3. The initial
design is the center of design space, and the tolerance for
convergence criterion of 0.005. is set to 5x105(-3). The initial
Lagrange multiplier and penalty weight are 0 and 1 for all
linking variables. To promote the convergence of PATC, the
proportional increase ratio of penalty weight is set to 1.1
which is popular in AL-AD.

Consequently, the obvious differences in each optimum are
shown in Table 6. The optimum of moment-matching induces
the error since the uncertainty quantification of coupling re-
sponses is inaccurate as shown in Fig. 8. In contrast, the his-
togram of coupling responses at the optimum computed from
the proposedmethod has a high agreement with AiO results. It
could be expectable because the uncertainty of non-normal
coupling responses cannot be accurate under the scheme of
moment-matching. Even if we could find other parametric

distribution to represent the data well, it is still one of the
parametric distributions, and the coupling response would be
a nonlinear function of random variables and thus may not
follow parametric distribution. Instead, the multivariate KDE
that relies on the sample dataset itself facilitates the accurate
uncertainty quantification along with analytical sensitivity
analysis even for correlated random variables. When given
samples are sparse, the moment-matching method would be
better option, but we can make use of huge number of samples
for constructing KDE of coupling variables owing to surro-
gate model, and nonparametric density estimation such as
KDE can accurately estimate underlying density function than
moment-matching.

5 Engineering example: roof assembly
optimization

An engineering example incorporating FEA models is
employed to verify feasibility of the proposed method
in real complex engineering applications. This example
is originated from the optimization of a bus body struc-
ture (Kang et al. 2014b) and modified by Jung et al.
(2018) for the sake of simplicity. In this paper,

Fig. 8 Histograms of two
coupling responses at each
optimum for 10-dimensional
optimization

Fig. 9 a FEA model of a roof
assembly including various
beams. b Design variables in the
cross section of I-beam
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optimization of the components—cross sections of
beams—is refined to increase the number of design var-
iables. There is a roof assembly optimization to satisfy
displacement and von Mises stress constraints with re-
spect to the bending and torsion as shown in Fig. 9a.
On the other hand, the roof assembly consists of various
types of beams among them two types of I-beams used

in the roof assembly shown in Fig. 9b are selected for
optimization. Thus, there are six random design vari-
ables in each cross-section of the beam, and linking
variables are the cross-sectional area and two perpendic-
ular moments of inertia (MOI) of the cross-section. In
the roof optimization, the objective function is a penalty
function for consistency constraints, and design

Fig. 10 Decomposition details for a roof assembly optimization with two types of beams

Table 7 Roof assembly optimization results by deterministic ATC and proposed PATC

Initial Deterministic Proposed PATC

Roof assembly

Normalized mass 1.000 0.850 0.861

Displacement for bending (mm) 73.874 74.285 74.129

Displacement for torsion (mm) 440.704 442.773 442.349

von Mises stress for bending (MPa) 334.510 334.291 334.090

von Mises stress for torsion (MPa) 405.750 403.658 403.563

1st type beam

h1 (mm) 10.000 11.617 11.642

h2 (mm) 5.000 4.000 4.034

h3 (mm) 5.000 4.000 4.025

b1 (mm) 5.000 4.000 4.007

b2 (mm) 15.000 17.517 17.929

b3 (mm) 15.000 12.000 12.093

2nd type beam

h1 (mm) 10.000 9.013 8.991

h2 (mm) 5.000 4.000 4.053

h3 (mm) 5.000 4.000 4.056

b1 (mm) 5.000 4.000 4.014

b2 (mm) 15.000 17.358 17.645

b3 (mm) 15.000 18.000 17.695
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variables are coupling variables that are the area and
MOI linked with each beam without any local and
shared variable. In the optimization of beam, the objec-
tive function is mass of beam and penalty function for
consistency constraints, and there are only local vari-
ables to be optimized.

The decomposed structure is shown with three sub-
systems where the objective is to reduce the mass only
with constraints described in Fig. 10, and it shows local
design variables, objective function, inequality constraint
functions, and equality constraint function from top to
bottom in each box. The first subsystem on the top
level denoted as roof assembly in Fig. 10 has a FEA
model for the roof, so that the maximum displacements
and stresses under two types of loading can be comput-
ed for the individual RBDO of the roof assembly. Note
that maximum stress is defined as von Mises stress on
specific nodes where the maximum stress is frequently
observed. On the other hand, two subsystems for the
beam are located in the bottom level. It has coupling
responses such as area and MOI, but it is able to be
calculated by a simple mathematical expression.

In conclusion, the original 12-dimensional RBDO
problem is divided into three 6-dimensional RBDO prob-
lems linked with coupling variables. For a roof assembly,
there are 6 coupling variables which are MOI of each
beam, and the maximum allowable displacements and
stresses when a single force is exerted on the center of
the structure (i.e., bending) and the given boundary node
(i.e., torsion) are set to 75.00 mm, 442.78 mm, 334.30
MPa, and 403.66 MPa, respectively. The target probabil-
ity of failure is set to 5.00% for each constraint. The
design space is defined in ± 20% from the initial design
variable. On the other hand, 6 design variables in each
beam follow a normal distribution where the coefficient
of variation is set to 0.01. Especially, in component-level
optimization (i.e., beam optimization), the surrogate
modeling is unnecessary since the coupling responses
which are MOI of the cross-section can be computed in
simple mathematical functions without FEA model. On
the other hand, in assembly-level optimization (i.e., roof
assembly optimization), the FEA model of a roof assem-
bly is used to obtain displacements and stresses. Latin
hypercube sampling (LHS) is used for 150 initial sam-
plings in 6-dimensional design space of the roof assem-
bly. The normalized mean squared error (NMSE) of leave-
one-out cross-validation (LOOCV) is used to quantify the
accuracy of the surrogate model and its stopping tolerance
is set to 0.005. There are 4 surrogate models in roof as-
sembly which are the displacement and von Mises stress
under bending and torsion, and maximum NMSE is
0.0026 among 4 surrogate models. Thus, the surrogate
model can be thought as accurate.

Table 7 shows roof assembly optimization results by deter-
ministic ATC and the proposed PATC. The deterministic ATC
reduced the roof assembly mass by 15% satisfying 4 displace-
ment and stress constraints. Using the deterministic optimum
as the initial design, the sampling-based PATC is performed to
satisfy 95% reliability of 4 displacement and stress con-
straints. From the table, it can be seen that the displacement
constraint for torsion and von Mises stress constraints for
bending and torsion are active in deterministic ATC and the
normalizedmass is increased from 0.850 to 0.861 to guarantee
reliability. This engineering example verifies the feasibility of
the proposed sampling-based PATC.

6 Conclusion

This paper proposes sampling-based PATC using multivariate
KDE for uncertainty propagation between linked subsystems.
The uncertainty propagation of linking variables—essential
process to attain the consistency—is developed to deliver sta-
tistical information between linked subsystems utilizing KDE,
unlike existing methods which use only statistical moments
and assumed parametric distribution. Through the proposed
method, individual optimization of subsystems incorporating
uncertainty can yield a reliable optimum efficiently under the
scheme of sampling-based RBDO, and uncertainty of corre-
lated coupling variables sharing the same source of uncertain-
ty has been successfully treated employing stochastic sensitiv-
ity analysis for multivariate KDE. It means that the coupling
variables propagated from linked subsystems behave as ran-
dom design variables through multivariate KDE and stochas-
tic sensitivity analysis at the current design point. The pro-
posed method is successfully applied to real engineering prob-
lems incorporating FEA, and thus, it is desirable to use surro-
gate models since PATC requires a large number of function
evaluations with iterative optimizations. In this paper, a se-
quential sampling strategy for constructing kriging model is
used due to the practical issue, but any types of improved
strategies for sampling and surrogate model can be
implemented.

In future work, the dimension reduction effect of the pro-
posed ATC will be further investigated. In previous works, it
may be impractical to combine all subsystems into one due to
complexity in existing ATC researches, and thus AiO is used
only for comparison of accuracy rather than efficiency.
However, a decomposed structure inherently contains several
subsystems with reduced dimension which implies that the
number of samples for accurate surrogate modeling may de-
crease in the ATC framework compared with the high-
dimensional AiO system. Hence, it will be further studied
how to develop efficient surrogate modeling based on the
ATC framework which can be applied to solve large-scale
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and high-dimensional engineering optimization problems by
avoiding the curse of dimensionality.
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